Abstract. We describe elementary examples of finitely presented sofic groups which are not residually amenable (and thus not initially subamenable). We ask if a free product of two amenable groups over a finite subgroup is residually amenable and answer this postively for the class of locally finite groups.
Gromov [7] defined the class of sofic groups as a generalization of residually finite and of amenable groups, see [3] for an introduction. The question of the existence of a non-sofic group remains open.
Two related classes of groups defined in [7] are the LEF groups and LEA groups. A group G is LEF (locally embeddable in finite) if for every finite set F ⊂ G, there exists a partial monomorphism of F into a finite group H, meaning there exists an injection f : F → H such that if x, y, xy ∈ F then f (xy) = f (x)f (y). Similarly, a group is LEA (locally embeddable in amenable, also called initially subamenable) if every finite subset of G supports a partial monomorphism to an amenable group. It is not hard to show that amongst finitely presented groups, the class of LEF groups coincides with the residually finite groups and the class of LEA groups coincides with the residually amenable groups.
Gromov's question whether every sofic group is LEA was answered negatively by Cornulier [5] .
It was recently proved that if A and B are sofic groups and C is an amenable subgroup of both A and B, then the free product with amalgamation G = A * C B is also sofic, see [4] , [6] and [9] . This theorem allows us to produce further examples of finitely presented sofic groups which are not residually amenable or equivalently LEA. The examples actually show that the class of LEA groups is not closed under taking free products with infinite cyclic amalgamations. Then, the amalgam
is sofic but not residually amenable. Further, being finitely presented, G is also not LEA.
Proof. We show that G is not residually amenable by producing an element that maps trivially in every amenable quotient of G. We denote the two copies of SL n (Z[
We set α i = f i (z p ) ∈ Σ i . Now α 1 and α 2 do not belong to the amalgamated subgroup Z and using normal forms for elements in the amalgam, we see that the commutator [α 1 , α 2 ] is a non-trivial element of G.
It is well known that SL n (Z[ 
Residually amenable groups. Theorem 1 shows that a free product with amalgamation over Z of two residually amenable groups need not be residually amenable. On the other hand it is not difficult to show that a free product of residually amenable groups is residually amenable, for a proof see [2] . A natural question is whether this result extends to amalgamations over finite subgroups: Question 2. Is the class of residually amenable groups closed under free product with amalgamation over finite subgroups?
A related question is Question 3. Let A and B be two amenable groups and let C be a finite group with two injective homomorphisms φ A : C → A and φ B : C → B. Does there exist an amenable group H and two injective homomorphisms
The authors don't know the answer to Question 3 even in the case when A and B are solvable groups. Note that if Question 3 has positive answer then there is a homomorphism f : A * C B → H such that the the kernel of f is free. Hence A * C B is residually amenable, which easily implies that Question 2 has a positive answer.
We can answer questions 2 and 3 affirmatively in the special case of locally finite groups. Theorem 4. Let A, B be locally finite groups and let C be a finite group having two injective homomorphisms φ A , φ B to A and B respectively. Then, there exists a locally finite group H and two injective homomorphisms ψ A , ψ B from A, B respectively to H such that ψ A • φ A = ψ B • φ B . As a consequence, A * C B is residually amenable.
Proof. Let A be the direct limit of the finite groups {A j } ∞ j=1 with injective homomorphisms f A,i : A i → A i+1 and denote by {B j } ∞ j=1 and f B,i : B i → B i+1 the corresponding direct limit for B. Since C is finite we may assume that φ A (C) ⊂ A 1 and φ B (C) ⊂ B 1 . Now recall the following lemma Lemma 5 (Lemma II.2.6.10 [10] ). Let X 1 , X 2 , C be finite groups and let f e : C → X e , (e = 1, 2) be injective homomorphisms. Then there exists a finite group Y and injections h e : X e → Y such that
We apply Lemma 5 Continuing in the same way by induction we get a directed system (H j ) of finite groups with injections d i : H i → H i+1 such that H 2i+1 contains an embedded copy of A i and B i with intersection containing an isomorphic copy of C. Let H be the direct limit of (H j ). By construction there are induced monomorphisms ψ A and ψ B from A and B to H as required.
The final part follows by observing that the homomorphism ψ A * ψ B : A * C B → H has kernel which is a free group K. Now if K (n) is the n-th term of the derived series of K we have that A * C B K (n) is an amenable group for each n ∈ N and therefore A * C B is residually amenable.
